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ABSTRACT
We prove that if 7T is stable, not multi-dimensional theory, then there is an infi-
nite indiscernible set orthogonal to the empty set. This completes the proof that
if 8, = N7 > 8 = «,(T), then T has 22/*~#! non-isomorphic N,-saturated
models of cardinality 8.

§0. Introduction

In [Sh-a, §5] we have dealt with the dividing line “7 stable not multi-dimen-
sional” for quite saturated models. The point is that as we are not assuming super-
stability, we do not know regular types exist, so dealing with dimensions is harder.
One side of the dichotomy [Sh-a, V5.9] states that if T is stable multi-dimensional
& (T) < N, < 8, T stable in 8, then T has = 2!5-=| non-isomorphic, 8,-satu-
rated models of power 8. In the proof we essentially use an F_-prime model Mg
over UjesIy, where S € (R, :a < v < 8} (and 8 € S), I, is indiscernible over
AUU(L:p € S\{\}), |I| =\, for every @},a3, ... € Ly, stp(ap,a3, . ..,),A)
does not depend on A, and claim {dim(I, Ms):I € M indiscernible} is S.

However, E. Hrushovski and E. Bouscaren note that a point addressed in the
middle of the proof is ignored in the end: if | S| > N\, maybe dim(I,, Mg) > \.

This is corrected here by giving a better equivalent form to a stable theory be-
ing multi-dimensional: there is an infinite indiscernible set I with Av(I,I) orthog-
onal to O.

So the proof of [Sh-a, V5.7] works. I thank Udi Hrushovski for discussion on
this problem. The references to [Sh-a] can be replaced by [Sh-b].
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Notation. Cb(p) denotes the canonical base of the type p (see [Sh-a, I11§6]);
ctp(p), canonical type (essentially p I Cb(p)) —see there. L denotes orthogonal;
1w, weakly orthogonal.

B\) C means {B,C} is independent over A; B\t)C, the negation of U.

A A

ply B is the unique ¢ € S<“(B) parallel to p (if there is one and only one
such q).

<, (see [Sh-a, V§5)), i.e. {p;i:i < i*} =, g, if for every A > |U; Dom p; U
Domgq| + «,(T) and F{-saturated model M including U; dom p; U Dom g, we
have dim(g, M) = min{dim(p;,,M) :i < i*}.

% the type of @ over B.

§1. Sharpening the multi-dimensionality dividing line (for stable theories)
HyprotHEsis. T Stable, k(T) > N,.

1.1. CLaM. Suppose

@ «=x(T)+ 8

(b) Mo < M] < Mz, "Ml " = )\,

(c) for every a € “>(M,;), if @ & “> M, then dim(ctp (M_a_> ,Mz) > A;

1
(d) J = [cr:¢ =k} & M, is indiscernible, Av(J,J) 1 p for every p € S(M,)

satisfying dim(p, M) > \; also ¢, realizes Av(J,M, U {c;: { < «});

(e) My, M, are Fé-saturated;

(f) if p, € S(My) fori<x, A S M,, |A| <x, BES M,, q € S(B) stationary,
|B] < &, N\ickq L p; and dim(q, M,) > N, then there are ¢’ € S(B’), B’ <
My, \:q’ L p;, dim(q’,M,) > \, and B’, B realize the same type over A;

() if ¢ € “My, & ¢ “M,, then dim(ctp (Mi) ,Mo> > «.

0
Then Av(J,J) L M,.

Proor. Assume not. Let I = {¢,: n < w}; there is 4 € Mj such that | 4| <«,
(Cp:n< w)
M,
{(cZ:n < w) € My such that {{¢f:n < w):a < «*} is independent over A, each
realizing stp((c,: n < w),A). Let I* = {¢ : n < w}; by [Sh-a, V3.4] (the assump-
tion is the conclusion fails) Av(J,J) is not orthogonal to A and not orthogonal

does not fork over A. By assumption (g) we can find, for a < «*¥,
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to Av(I*,I%) for o < «*. For each a < «*, Av(I*,I*) cannot be orthogonal to
i<
(;K—K) [as then let M{ be FZ-primary over M, U {c,:a < «}, M{ Fé-prime
1
over M; U {c.}; now by [Sh-a, V4.10(2)]

c, b
M]U[Cr:§-<l(} Ml,

hence My is Fé-primary over M, U {c,:a < «};

{(cri{=«k) (Cyiat = k)
———, then Av(I°, M,) L, ————
M, en Av( 1) M,

if Av{I*,1*) L
hence Av(I*,M,) F Av(I*, M}), hence by monotonicity Av(I* M) F Av(I*,M; U
¢,) hence, by [Sh-a, V1.2(3)], we have
Cy

Av(I*, M{) L = Av(I, M),
v( i) YR v(L, M)

a contradiction].
So for some finite 4 € « + 1,

{c;:{EW

Av(Is,I%).
M, £ Av(I,1%)

Without loss of generality « does not depend on a and necessarily (see [Sh-a,
VLI {c;: ¢ € w) € M, but (c;:{ € uy &€ M,. By assumption (c) dim({{c;:
¢ € uwy/M,;,M,) > \, hence by assumption (f) we can find g € S(M,) such that,
for a < «, g L Av(I*,I1%) and dim(q,M,) > A. Without loss of generality {(c5 :
n < w):a < k) is independent over (4 U Cb{(qg),A4). As also (¢S :n < w):
a <k} U {{c,:n < w)} is necessarily independent over (A U Cb(q),A), g is also
not orthogonal to Av(L,I), but this contradicts assumption (d).

1.2. Ctam. () If BS M, ® S S(B), |M| =\ (> |T| + |B)), k= x.(T),
M, is Fi-saturated, « > | B| and, for each p € @, dim(p,M,) = \, then we can
find I such that:

(a0 1S Uyee p(M), Iindependent over B, and for each p € @,
letting p* be the stationarization of p over M,,

prH(BUDFp™

(2) If J € M, is independent over B, |J| < A we can demand J € I, INJ <
Upeo p(M)).
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Proor. (1) Without loss of generality ® is a non-empty set of non-algebraic
types and we work in €9, Let {C,:a < A} list all finite sequences from M,. We
choose by induction on « < \, b, € “>M, such that:

@) by €Upeo p(M,);

(i) {bs:B < «} is independent over B;

(iii) for each «, let y(«) be the minimal y < X such that for some pe ®, p* 1,

(BU {bg: B < a}) is not weakly orthogonal to , and then

by
BU [5,3:3<a} UE’y(a)
or, if this is impossible,

C’Y
BU {bs:8<a)
fork over BU [55 : B < a} (equivalently over B),

f‘r(a)
BU({bs:f<a}
are complete types over B U [56: B8 < a} and does not fork over B U
{bg:B<al.
Easily this suffices (note: |{a:y(a) =4} < |T|*). The least trivial part is that
given a,v(«) we can find b, satisfying (i), (ii), (iii).
By the choice y(«a), the non-trivial case is that there is b, € “>@ such that

has at least two extensions which

_ 5'
b, W e and ——————
Ul pcal BU (by:8 < a}

is a stationarization of some p, € ®. Now choose, by induction on {, b, ; € “>G
such that:

Bo o) (hg:B < o} Uiy U byt <)
B

and

bui ¢ p and b, W By, ¢

B BU(bg:B<a}U ¢, (a)Ulby, s E<t)
For some { < x(T), b, is defined iff £ < {. We can also find 4 € «, |u| < « such
that

BLUC ey VU Ubs: ) BUIbg:BEa\u).

i<t BU (bg: 6]
Easily

R S—
BU{bg:BEM}UEY(Q)U[BQ,$:£<§‘}

+ stp( = b_"’ = )
BU{bg:B<a}Ul VU lby:E<)
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Now as dim(p,M;) = A for p € @, there is an elementary mapping f such that
SHBU [bg:B<a}Ué, ) =id and, for £ <, f(b,,;) S M,. As M, is F¢-sat-
urated, by ® above without loss of generality f(b.) € “>M,.

Let b, = f(b.).

(2) Same proof.

1.3. Ctam. If A= A<">«*, Tstablein k, cf x> k. (T) + R}, k= |T|, M, is
A-saturated of power \t, A* € B* € M,, | A| < «, then there are My, M, < M,,
A* € My, | M| = « and I € M, independent over M, such that for each p €
S(M,), p* =: ply M, (the stationarization of p over M,) satisfies p* [ (MU ) F
pt and tp(M,, B) does not fork over My, N B*.

Proor. We choose, by induction on a < &, My ,, M, , such that:
@) Moo < My, < M,

(®) Mool = [Mya]l =X,

(c) M, , is saturated increasing in o,

(d) M, , is saturated increasing in a,

(e) ifc € M, (or ¢ € “”M,),

dim( ¢ tcb —C—>,M2 <\
Ml,a Ml,oz

then there is a maximal I € M, independent over Cb(

) of elements

l,a
realizing c/Cb( ¢ ), such that 1 € M, ,,1;
lL,a
equivalently
(e) fornoce M,,
¢\ M., and dim( ¢ ,M2> <)\
M o Ml,a

(f) if A<M, |A| <k (T) + 8, p; € S(My,) for i < i* < k; BS My,
‘B! <k, C (S Mz,

c . . [c c .
3 stationary, dlm<E,M2> >\, B Lp fori<i®,

then for some elementary mapping A, Domh =AU BU (¢}, h1 A =id,
h(BU {c}) € My o415

dim(llz(—(;);,Mz) > A, and for i < i* we have Z((;)) L.



286 S. SHELAH Isr. J. Math.

(g) tp(M, ., B*) does not fork over B* N\ My ., and A € M.
No problem exists in the inductive construction (as 7 is stable in «, we have « =
k<MY Let My = Uyex My os My = UM, , and ® = S(M,). By [Sh-a,
IV4.14] (or 1.2(1)) there is J € M, independent over M, such that: [p € S(M,),p
does not fork over My = pl (MyU J) I p]. By 1.2(2) there is I € M, independent
over Mp; J €1, INJ € U e, p(M,) where @, = {p € ® :dim(p, M;) > N} such
that forpe @, ply (MyUI) | pl M,. It suffices to show that

PEC®=ply (MUl Fply M,.

By the choice of J for ¢ € M,, ﬁfﬁ is weakly orthogonal to p I, (M, U J)
0

for p € ®@, hence also

c _

m 1o i (MzUT) (for c € M;).t

Hence (forpe ®):ply (MU D) Fpl, (M, UI). Let A € M, be such that:
i) MUIcAcM,,

(i) ceEA=

M,CU L Lopld(MUD forp € @,

(iii) A4 is maximal under (i) + (ii).

Easily (by [Sh-a, V3.2]) A = | M3]|, Mjis F¢-saturated (even N-saturated). If
M; = M, we finish, otherwise let ¢ = ¢, € M,\M;, and choose I = {c;: {<«} S
M; indiscernible,

Av(ILM}) = 1_\;—2
and we get a contradiction by 1.1 (only « there is replaced by «,.(T) + &, here).

1.4. TuEOREM. If T is multi-dimensional, then there is a (non-algebraic,
stationary) type orthogonal to the empty set.

Recall (see [Sh-a, V, Definitions 5.2, 5.3])

1.5. DeErINITION. (@) A stable theory T is called multi-dimensional if there is
{¢%: o < pu} which is multi-dimensional, which means:
@ p=zx(T),
(i) ¢* = {(c¥:n < w) is an indiscernible set,
(iii) {¢~:a < u} is an indiscernible set,
@iv) letting I* = {cf:n < w}, {I*:a < p} £, I%, i.e. for some F{-saturated
model M, U,<,I* S M, and

dim(I*, M) < Min{dim(I*,M):a < u}.

1By [Sh-a, 1114.22).
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PrOOF OF 1.4. We use 1.5’s notation. Let « = ,.(T) + |T|. Without loss of
generality u > (2!IT1)*; let A = 2%, Ay = (2!71)*; let J,, (o < p) be such that: I U
J,, is an indiscernible set and J, is indiscernible over Ug,,Js and |J,| = A*. Let
M, be F§-primary over U,<,J,, and let A = @. Apply Claim 1.3 (with A, here
standing for « there).

So there are My, S M, of power Ag, and I € M, independent over M, such that:
|MyNJ,| =N for a < Ag,

MO LIJ U Ja

MoN (U, J,) @
and for p € S(M,), ply (MyU ) Fpl, M,. By the proof of 1.3 without loss of

generality for every o < u: either |J, N M| = Noor does not fork

Mo U Uﬁ;&a Jﬁ
over U, (J, N My), hence over M,,. By renaming without loss of generality, |J, N
My| = N iff o« < Ng. There is M|, My € M, € M,, |M,| =\, M, saturated and
tp. (M, My U I) does not fork over MyUJ, whereJ =M, NTand |M;NJ, | =\
for a < p and M, is F¢-constructible over My U U<, 3, = M; U U, (J.\M)).
Let M; & M, be Fé-primary over M, U (I\J). If M, # M,, by the conclusion
of 1.3 for every c € M,\ M3, % is (not algebraic and) orthogonal to M,, hence

2
to I, the desired conclusion.

So assume M, = M;. As any ¢ € J,\M, realizes Av(J,,M,) (and as M, = M3),
we have Av(J,,M,) ,= {tp(d,M,):d € I\J}. Now for each d € I\J,

d
ﬁ] w= {AV(JQ)MI) o= IJ'}

(remember M, is F§-primary over M, U U,.,.(J,\M,)), hence for some u; S p +
1, fug| < &.(7) and

d
M—]' we {AV(JO‘,M]):(X c Md].

However, by the choice of I and M|, d ||J M, hence (by the choice of M) with-
M,
out loss of generality, u; S Ag; s0O- °

-—Md— w= [AV(I s M) o < A (for each d € I\J).

1

d
Av(J,, M) = {171 de I\J],
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together (remembering the choice of J,’s) Av(I*,M,) .= (Av(I*,M)):a < p}, a
contradiction.

1.6. ConcrusioN. If T'is multi-dimensional, «,(T) < R, < 85, T stable in 8,
then T has = 22| pairwise non-isomorphic F§ -saturated models of cardinal-
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